This paper explains two iterative phase recovery methods where the goal of each one is different. The Phase Diversity method is used to recover the wavefront aberrations in optical incoherent imaging systems when an extended object is illuminated. The purpose of the Multi-plane Phase Retrieval method is recovering the object complex field seen from the image plane, therefore the object has to be illuminated with coherent light. Both methods are simultaneously used to pick out the aberrations and free aberrations object phase. The use of both methods is proposed as a methodology for the integration of optical instruments.
Introduction
On imaging systems, the phase that is related to the wavefront can be analyzed under two perspectives. The first one as optics phase aberrations, and second one as object phase located at the entrance plane. Iterative methods called phase retrieval methods contribute to phase recovery trough intensity observations in the image plane. Phase reconstruction has many scientific and engineering applications such as astronomy, microscopy, opto-mechanics, among others [1] [2] [3] [4] . Normally, the phase or wavefront is measured through interferometric techniques, or others non-direct techniques i.e. Shack-Hartmann or curvature sensors, and also, phase retrieval methods. Although, the disadvantage of interferometric methods regarding to non-direct methods is the reference beam needed, recently the interferometry has had advances in this sense, eliminating it [5] . However, the phase retrieval methods offer a simple optical setup, including some configurations that allow working with partially coherent or completely incoherent light.
In 1972 Gerchgerg and Saxton (GS) [6] introduced an algorithm to determine the complete wave function, as amplitudes as phases, by recording the intensity in the image and diffracted planes. This method has been used in astronomy combined with a curvature sensor [7] , and recently in human eyes aberrations studies [8] . The GS method depends on the existence of a relation of Fourier transform between its two planes, image and diffracted, and therefore, is restricted to a certain degree of spatial and/or temporal coherence of the field. In 1992, it was reported a modification of the GS algorithm, where information of multiple intensities was introduced in a series of defocused planes [9] .
The methods based on GS are deterministic and they mainly solve the transport equation, those require several a priori approximations and constraints [10] . An alternative reconstruction using only one beam with multiple intensity registers (Single-beam multiple-intensity Reconstruction -SBMIR) measured on a Speckle field volume, using the wave propagation equation, was proposed in 2005 [11, 12] , and this allowed that the a priori restrictions could be relaxed. These intensity registers are obtained by moving a CCD over the propagation axis, and acquiring them in different planes, then, using the RayleighSommerfeld approximation the complex amplitude is recovered. This process of multiplying the distribution of measured intensities, with the phase calculated in each plane, followed by the intensity of the wave, is repeated until reaching a quality in the reconstructed image in the object plane, with very small changes with respect to a specific error function. The numerical solution to the first approximation of the Rayleigh-Sommerfeld integral, shows similar results compared with the Angular Spectral Decomposition method (ASD) regularly used in these phase-recovering algorithms for fast convergence [13, 14] .
The SBMIR algorithm has been improved to make faster its convergence [15] , even seen from the point of view of optimization [16] and used in different applications [2, 17, 18] . However, the CCD movements represent an important issue due to mechanical misalignments, but with the Spatial Light Modulators (SLMs) development, this problem could be fixed. Especially, in a 4F setup, the SLM is located in the Fourier plane and in it is projected a variable propagation transfer function for each recorded intensity [19] , emulating parallel displacements of the CCD. Recently, in a 4F system and via a SLM, an iterative algorithm using random phase masks was developed with the advantages of compressive sensing and compared to the SBMIR [20] . The algorithms so far described require very high spatial and temporal coherence, the main objective of these algorithms is to recover the complex field of an extended object assuming very low aberrations in the imaging system [20] . In Astronomy, the algorithm based on GS has been used for characterization of optical aberrations using a star as object, which is a point object and has spatial coherence [7, 10] .
Another method of phase recovery widely known in astronomy and specifically in solar physics, called Phase Diversity (PD) [1] , was first proposed by Gonsalves and Childlaw [21] ,which infers phase aberrations by working with images of extended objects formed through an optical imaging system, illuminated with incoherent light [22] .The conventional PD technique for image restoration requires the use of at least two images of the object to be reconstructed, one of which is aberrated by the optical system, and this aberration is unknown. The other image, is taken simultaneously with the first, but also has a known aberration, intentionally induced [23] . This technique has been used not only in astronomy, recently the literature reports uses in microscopy [24] and quantum optics [25] .
The main objective of the PD method is to recover the aberrations of the system parametrized on a Zernike basis and with these in a later step of image processing to restore the acquired images to the diffraction limit [1] .
The objective of the PD method is different from the aim of the methods based on GS and SBMIR. However, all methods are inverse problems, it means, that some parameters must be obtained from data coming from the observation. In the case of these methods, they are intensity measurements recorded by a detector. The methods based on GS, used for characterization of aberrations are poor compared to the PD method [10, 26] .
This work focuses on combining the PD techniques in a 4F assembly with quasi-monochromatic light, using an SLM in the Fourier plane. In this one will be projected the masks of phase diversity, which are a transmittance function of spherical character, in order to recover and compensate the system aberrations, then, using the algorithms based on GS and SBMIR (Multi-plane Phase Retrieval method), recover the object complex field, once it is illuminated with coherent light. This paper is structured as follows: In Section 2 a mathematical formalism will be developed, Section 3 mentions some considerations about the optical setup, Section 4 shows the results obtained with the method, and finally in Section 5 the conclusions are presented
Mathematical Background for imaging systems in coherent and incoherent light
It is known that coherent systems are linear in complex fields and incoherent systems are linear in intensities [14, 27, 28] , and there are some relationships between coherent and incoherent systems useful to describe how the phase retrieval methods works. These relationships are briefly described as follows. On the other hand, incoherent systems are characterized by their Point Spread Function (PSF) that is the square modulus of the impulse response |ℎ( ⃑)| 2 . The convolution of the object intensity with the PSF that describe imaging process in incoherent systems can be written in terms of a product of Fourier transform as it was made in the coherent systems. The product is: (⃑⃑) = (⃑⃑) (⃑⃑), where (⃑⃑) is the Optical Transfer Function and the FT of the PSF. The (⃑⃑) also can be defined as the normalized autocorrelation of (⃑⃑).
2.a Phase Diversity Method
The Phase Diversity method is a technique that allows the estimation of (⃑⃑) in the presence of noise in (⃑⃑). It consists of the measurement of nominal image 1 (⃑⃑) with its nominal system 1 (⃑⃑) and K additional images 2,…, (⃑⃑) in which the (⃑⃑) of the system is changed by known amounts, therefore, the generalized pupil changes these known amount. These changes are called diversities that produce phase-diverse states. There are K 2,…, (⃑⃑) with known relationship to 1 (⃑⃑). An estimation of the nominal 1 (⃑⃑) and of the object intensity is found by minimizing an error metric [23] . Now the agreement on the optical system aberrations 1 (⃑⃑) among K different phase-diversity images can be expressed as a function (1) where, ̃ are the weights vector of a parametrized phase ( (⃑⃑)) in a Zernike basis. Through a gradient search algorithm, the weights vector is varied until reaching convergence following Eq. (1).
The Phase Diversity method is mainly oriented to image restoration, and its main goal is to recover the system aberrations, and then, getting the resolution limit of the observed object intensity. This method is commonly used in solar physics to identify new structures on the sun.
2.b Multi-plane Phase Retrieval Method
The Multi-plane Phase Retrieval method is a technique to recover the phase of a coherent wave field from intensity measurements, which is an inverse problem, where both amplitude and phase will be reconstructed from the data coming from the observations using a 4F setup. As the Phase Diversity method, Multi-plane Phase Retrieval method assumes that registered multiple wave fields are specially modulated and those modulations are the diversities, therefore, if the system is limited by diffraction the pure object complex field is recovered. Defocusing is the most used idea to modulate the phase [13, 19, 20] . In this method, phase as well as amplitude of the wave field are reconstructed from noisy multipleintensity observations. The reconstruction is optimal due to a constrained maximum likelihood formulation of the problem. The proposed algorithm is iterative with decoupling of the inverse of the forward propagation of the wave field and the filtering of phase and amplitude [20] . The input variables are the intensity observations ( ⃑), the phase masks projected o the spatial light modulator (⃑⃑) and the initial guess ( ⃑) for the complex-valued object distribution ( ⃑). The objective function to be minimized is given by (2) where, the first line of Eq. (2) is the quadratic fidelity obtained from Gaussian likelihood function and is mainly the error metric. The second and third lines are the constrains given using the quadratic penalization functions.
2 is a Gaussian noise, and are penalization parameters. The upper index t stands for the iteration number.
The wave fields have three different forms in the algorithm and the authors exploit this fact. In spatial domain, in the frequency domain and a vectorized object image variable.
The algorithm has 3 mainly steps for no filtering version.
Step 1) Using Fourier transforms, the information in the image plane for each diversity is predicted.
Step 2) For each diversity the information the new iteration over the image plane is estimated by minimizing with respect the information in the old iteration over the same plane.
Step 3) the minimization is respect the information estimated in the frequency domain object plane.
Optical setup considerations
Using the commercial software Zemax, the proposed 4F optical system was evaluated, where the SLM is located in the Fourier plane, this can be seen in Fig.1(a) . The lenses used are commercially produced by Newport, reference PAC052, these are achromatic doublets of 24.4mm diameter and effective focal length (EFL) 100mm. The glass of the first part of the doublet is N-BK7 and the second is N-SF5. The object used to simulate the experimental setup is two-dimensional, and it is a transmittance function, represented by the letter F and shown in Fig.1(b) . The wavelength chosen for the simulation was 632.8nm.
The 4F optical system used in this work shows to be advantageous due to the Fourier plane is located in the same position of the pupil. That means, the defocuses introduced for both methods explained in Section 2 are the diversities without additional distortions. On the other hand, 4F optical system is a restriction for the Multi-plane Phase Retrieval method. In the position where the SLM is located, defocus aberrations are introduced using a Zemax function that simulates Zernike polynomials with a single index Noll notation [29] , for this case, defocus is the 4th polynomial. For one wavelength of aberration, the mask in radian projected on the SLM is shown in Fig.2 . The defocuses that were used in experimental setups, for both the Phase Diversity method and the Multiplane Phase Retrieval method have the same shape as those used in this simulation. Fig.3(a) shows the quality of the optical system through the Modulation Transfer Function (MTF), as it can be seen is very close to the diffraction limit, which indicates that the aberrations produced by the optical system are low. However, in an experimental system, aberrations may not be as low due to system misalignments, to deformations on the modulator surface or to the lenses themselves. Once the defocus aberration of a wavelength in the Fourier plane has been introduced, using the aforementioned 4th polynomial, there is a dramatic degradation of the MTF function as shown in Fig.3(b) . Using the Zemax optimization tool, leaving the position of the CCD (Image Plane) as a free parameter, it can be seen that a small displacement of the CCD successfully recovers the optical quality of the system, as shown in Fig.3(c) , and where MTF is recovered with the same shape before the induced aberration.
Three images of the object, with different aberrations introduced in the SLM, of one, two and four wavelengths of aberration, can be seen in Fig.4 . In Table 1 , different values obtained from the CCD movements are shown in order to recover the initial MTF, once aberrations of different value are introduced. When the aberration value is greater than six wavelengths, the MTF of the initial optical system can no longer be successfully recovered. According to the table, it is observed that incremental △z with respect to the defocus introduced in the SLM, corresponds to a linear function. 
Results
In this section, we present the simulated and experimental results. With the results obtained through simulations we did an analysis of the methodology proposed in the previous sections. The Phase Diversity method is used to characterize system aberrations, and the Multi-plane Phase Retrieval method is used to recover the phase of the object complex field. However, the object complex field could be aberrated due to the fact that this one is recovered by the observations on the image plane and it is common that all optical systems tend to have slight aberrations, therefore, a last step is necessary to compensate the aberrations of the system and determine the free-aberrations object complex field.
4.a. Simulations

4.a.a. Object complex field and optical system
The principal goal of the simulations is to prove how the method works before implementing it in an experimental application, which means, we have to generate a complex object, and an image on a parallel plane will be created by following the structure of a 4F optical system as it was presented on Section 3. On parallel plane only intensities are detected, and their distributions depend on the light source used. Assuming a quasi-monochromatic source and low spatial coherence (incoherent light), the object is illuminated following the mathematical development explained in Section 2, and then using the Phase Diversity method (Section 2.a), the system aberrations are recovered.
Once the aberrations are recovered, and assuming a distribution of intensities on the image plane with coherent illumination (Section 2), the Multi-plane Phase Retrieval method proposed in Section 2.b is used to recover the phase of the object. The optical system phase recovered previously (optical aberrations) is an entry for this algorithm. Fig.5 shows a simulated object where normalized amplitude corresponds to three bars with different transmittance value (Fig.5(a) ), values from left to right are: 1; 0.667 and 0.333. The phase corresponds to three bars each one with different value of the phase ( Fig.5(b) ), the values of the phase were taken arbitrarily and correspond from left to right: 1.15 rad, 2.7 rad and -2 rad. If the object is seen though an optical system without aberrations, that means, the generalized pupil has a constant unit value transmittance in the amplitude, and the wavefront is plane with zero phase value, the object amplitude has a decay of the intensity, and diffraction structures are appreciated in the phase. In the example (Fig.6) , the diffraction is amplified by the low numerical aperture simulated. In general, the optical systems seen from signal theory are pass-low filters. On the other hand, if an aberration is introduced to the system through a generalized pupil as it is described on Section 2, both the amplitude and the object phase will be deformed. Fig.7 shows the effects. 
4.a.b. Phase Diversity Method
In this subsection, the results obtained by Phase Diversity method are shown when the simulated optical system has the aberrations described in the last paragraph in a Zernike weights decomposition. The difference between the expected weights by Phase Diversity method and the weights described in the last paragraph must approach to zero.
If the aberrated system is illuminated with incoherent light, then, defocuses are introduced as it was explained in Section 2.a, and additionally, Phase Diversity method is applied, using 8 defocuses of 0.25 λ each one, the intensity of the object without aberrations in the image plane and the aberrations of the system are recovered. 
4.a.c. Multi-plane Phase Retrieval Method
Using the Multi-plane Phase Retrieval method to recover the object complex field described in Section 2.b, with the same defocuses used by the Phase Diversity method, the amplitude of the object with the effects of the aberrations is shown in Fig.8(a) and the phase in Fig.8(b) . Note from Fig.8(b) that the object phase is deformed because the information on the image plane is a combination between the filtered object phase and the aberrations of the system. The main goal of the work is to propose a feedback methodology to find the aberrations of the system and then proving through other different way that they represent the optical system. Therefore, if the aberrations found by Phase Diversity method are compensated and then the Multi-plane Phase Retrieval method is used, the free-aberrations object complex field is recovered. In a 4F system compensating the aberrations is an easy task because the generalized pupil coincides with the Fourier plane (see Section 3). It means, the Fourier transform of the object complex field seen from image plane is multiplied with the negative of the aberrated generalized pupil, then, a new Fourier transform is performed, obtaining the object complex field seen from the image plane with the aberrations compensated. This can be deduced from the second line in the Eq. (2), and the effect can be seen in Fig.9 . The results about the Multi-plane Phase Retrieval method are summarized in Table 2 , where it shows a comparison with the different RMSE errors. It can be seen in the third row, the comparison between the object complex field and this one recovered formed by an optical system without aberrations. The last row of the table shows the comparison between object complex field and this one recovered and compensated.
The RMSE values are in the same order, showing the efficiency of the method. From the first row, the comparison between the object complex field seen in the object plane and in the image plane has an error higher than others, because the phase outside the region of interest, behaves like noise and increases the RMSE value. 
4.b. Experimental
The experimental setup follows the configuration shown in Fig.1(a) , the stop aperture is located in the position of the SLM (Holoeye Pluto-Vis), the elements used in the arrangement were: A commercial super bright LED and a commercial interferential bandpass filter (Newport reference 10BF10-630), centered in 630 ±2nm and with a bandwidth of 10 ±2nm following the criteria FWHM (Full Width at half Maximum), which produced quasi-monochromatic light. This illumination was used in the Phase Diversity Method, for the recovery of the aberrations system. Also a He-Ne of 632nm was used to illuminate the object, this illumination was used in the Multi-plane Phase Retrieval method for recovering object phase. The object to study is a Euro French coin, shown in Fig.10 . The illuminated object with both sources is shown in Fig.11 . Note the effect of the Speckle on the object when is illuminated with coherent light, compared to the image of the object when is illuminated with incoherent quasi-monochromatic light.
The periodic structure of the SLM produces non appreciable diffraction effects in the experiment (Fig.11 ), but this structure and the location of the SLM are generating attenuation and cutting over the frequencies of the complex objet field and optical system. That means, a general decrease over the image quality. The transfer function represented by discretized free aberrations pupil is altered, therefore, the best image quality formed by the system using a mirror in the SLM location (diffraction limited) cannot reconstructed. In the experiment, 8 defocuses of 0.25λ were used following the implemented methodology in the simulation, both for the use of the Phase Diversity method and for the Multi-plane Phase Retrieval method.
The Fig.12(a) shows the intensity recovered in the image plane using the Phase Diversity method, the image sharpness, therefore its quality, is slightly better from the qualitative point of view than of the original input image (See Fig.11(a) ). The Fig.12(b) shows the aberrations of the system in radians, they were found using the Phase Diversity method in a 4F setup.
Applying the Multi-plane Phase Retrieval method and compensating the aberrations obtained both the amplitude and the phase of the object are recovered. There are two ways to compensate the aberrations. The first one, is experimental, because the aberrations can be projected directly on the SLM. The second one, is in post-processing. With both ways getting the same results. Fig.13 shows the phase of the object complex field after phase unwrapping with and without aberrations compensated. It can be seen in Fig  13(b) that the free-aberrations object phase is better recovered. Fig. 12 . Use of the Phase Diversity method for the recovery of (a) intensity in the image plane (b) and system aberrations (radians).
The height of the coin was measured with confocal microscope and the average height from the coin symbol to the semi-flat part was 40μm approximately. With the method described, the average height in radians is about 28rad approximately, which it is equivalent to 2.8μm using the working wavelength of 632.8nm. The difference in the order of magnitude with the results shown, is because the algorithm was modified using an arbitrary wavelength of 10μm. This modification was performed because if the algorithms were used with the working wavelength, the high number of 2π cycles would not comply the Nyquist-Shannon criterion, which means, phase shifts were not well sampled between -π and π, therefore, the algorithm of phase retrieval did not converge. If the phase (28rad) is rescaled using the arbitrary wavelength, the phase obtained is 44.6μm of height, which coincides in magnitude with the results obtained with the confocal microscope. As a summary, the convergence of the method depends on three factors; the objects depth, the working wavelength and to guarantee the dimension between the numerical aperture of the experimental setup and the construction of the generalized pupil in both iterative methods.
The aerospace industry uses different techniques coming from optical metrology for the assembly and integration of instruments with optical properties. The iterative methods are other alternative for this purpose where classic techniques are not appropriated. The methodology described is a way to prove how the aberrations were correctly found, because if the object complex field is known the error of its reconstruction should be low as it was shown in the simulations. In this sense, new iterative methods have been developed with very little error for this purpose [30] .
Conclusions
The Phase Diversity method and the Multi-plane Phase Retrieval method are easy to implement and use. Additionally, the mechanisms that generate the phase diversities can be replaced by SLMs, and this makes the methods more versatile. The system implemented is not only useful for the detection of aberrations, but can be corrected in the same SLM used to generate diversities.
The combination of a method which characterizes aberrations with a method which recovers the object complex field in the same configuration 4F just by changing the illumination of the object, is a useful tool in the integration of optical instruments. However, the integration of optical instruments is not the only application, this implementation is also useful for the detection of phase objects in microscopy.
